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81. Introduction 


The ever increasing use of the deepest, and the most abstract 
parts of mathematics has been a remarkable feature of modern phy- 
sical theory. Mathematics of the present day abounds with abstract 
notions like abstract sets, abstract spaces, abstract algebra, abstract 
analysis and so forth, and equally so in the highest departments of 
modern physics like relativity and quantum theory it appears that 
the abstract point of view is likely to yield the most fruitful results. 
It is also true that the more varied and more subtle contributions 
from mathematics are in proportion to the wider range of physical 


fact acquired as a result of more and more accurate experimental 
research. 


This increase in the application of abstract mathematical notions 
_can be traced to a great extent to the change brought about by 
quantum mechanics in the meaning to be attache 
tities. In the old classical physics a physical 
dered the exact equivalent of the mathematical 
the observable, or that it was the number whic 
on at specified times. Mathematics now aboun 
are not functions and yet allow the assi 
certain conditions for ®.g., matrices, 


d to physical quan- 
quantity was consi- 
function assigned to 
h the function took 
ds with concepts which 
Snment of numbers under 
differential operators, integral 
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operators, groups, and tensors. In view of this, quantum mechanics 
asks us to take these possibilities more seriously than classical phy- 
sics did, and says that the definition of physical quantities as 
operators should be taken, not in a symbolic sense, but in an exact 
sense. With this interpretation an operator may yield not one but 
a large set of numbers which can however be consistently used with 
the aid of a statistical theory. The change brought about by quantum 
mechanics consists therefore in the generalisation that to one quantity 
there may correspond many elements of nature. In the language of 
mathematics, we might say that the number concept has been re- 
placed by the more general concept of aggregates. 


§2. Algebra and quantum mechanics 


This widening of the concepts of theoretical physics is bound to 
be of significance to the mathematician also. Among mathematicians 
there are some to whom the idea of the application of their science 
to other fields is repugnant; there are many who are indifferent as 
to whether their results are applied or not, and again a few who 
appear to value the importance of their results in proportion to the 
number of applications that can be made of them. To whatever 
category one may belong, every mathematician will probably agree 
that the applications have a way of stimulating questions which spur 
the progress of mathematics. Indeed the history of the development 
of mathematics is a clear witness to this. In some branches like 
analysis one can even say that mathematicians owe more of their 
advance in those branches to the physicist than to any other agent. 
We thus recall how the problem of wave motion and heat conduction 
led to the development of the function concept, and the introduction 
of orthogonal series which are basic elements of present day analysis. 
Dirichlet’s problem in potential theory had a profound influence on 
the calculus of variations and led to Fredholm’s Theory of integral 
equations. In the masterly hands of Hilbert it became a theory of 
orthogonal transformations and reduction of quadratic forms, and 
‘created the atmosphere which stimulated the basic discoveries of 
F. Riesz on function spaces including the abstract Hilbert space. It 
is a remarkable but a common feature in physical theory that while 
these developments, excited by physics, were taking place in mathe- 
matics the physicist himself had little or no interest in them until 
the advent of quantum mechanics compelled him to look at them 
more seriously. It is common knowledge nowadays that the analy- 
tical problems of quantum mechanics can be thought of in terms of 
linear transformations in an abstract Hilbert space. 
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On the other hand, the relationship between algebra and physics 
has been rather a loose one. It is no doubt true that the theory of 
groups has always played a role in theoretical physics, but this role 
has been often a subordinate or implicit one. Thus analysis of space 
and time has involved group-theoretic considerations, and classical 
dynamics has employed group methods through transformation theory, 
and the recent studies of Poincaré and Birkhoff have freely used 
topological notions. But it is only in recent years that the more 
profound portions of the theory of groups and some other parts of 
modern algebra have played notably enhanced roles in relativity and 
quantum theory. In this case it is perhaps not true, as in the case 
of analysis, that these branches of group theory and algebra were 
inspired by the physicist. The researches of Frobenius, Schur, and 
Wey! on the theory of group representations, of Noether, Weathur- 
burn, Dickson, Artin and others on abstract algebras, and of Cartan 
on continuous groups were carried on independantly as a result of 
the fusion of several fundamental ideas in mathematics itself. These 
have now found application in quantum mechanics and this relation- 
ship is not only attractive from many points of view, but it is also 
fair to admit that in recent years these very branches of mathematics 
have made advances in some directions as a consequence of this 
relationship to quantum mechanics. ‘The following are a few typical 
examples :— 


(1) Semi-simple Lie groups—Rotation and Lorentz groups are 
particular cases of these, and the properties of these special groups 
and their representations have suggested advances in the general 
case also. 


(2) The Jordan quantum-mechanical algebra— 


Jordan suggested that the statistical Properties of quantum 
mechanics are expressed most simply in terms of a hypercompl 
algebra which is commutative but not associative unlike th “aie 
non-commutative algebra of matrices of the q-numbers, 
of the structure of such Jordan or r-number al 
with one single exception, all the irreducible 
equivalent to algebras obtained by quasi-multiplication of real tri 
Quasi-multiplication is defined by ab=1% (a:b + b-a) where Nae an 
ordinary matrix product. Let A’ be an associative but not ee 
commutative algebra having real numbers as coefficients ie 
burn’s theorem we can select a matrix algebra for A’ . 
A of A’ closed for a+b, Xa. and ab = la( 


® ordinary 
The study 
gebras shows that, 
r-number algebras are 


ssarily 

By Wedder- 
A sub-system 
ab+b-a) but not necessarily 


SYMPOSIUM ON MODERN ALGEBRA 33 


for a-b might exist, and can be shown to be an r-number algebra. 
Such an algebra is said to result from quasi-multiplication, and is in 
essence a matrix algebra. The r-number algebras of Jordan with a 
single exception are all of this type. This exception is the algebra 
of all three-rowed Hermitian matrices with elements in the real 
non-associative algebra of Cayley numbers, 


It has further been shown by Albert that this exceptional algebra 
is not equivalent to any algebra obtained by quasi-multiplication of 
real matrices. 


Later Albert has generalised special types of non-associative 
algebras like the Jordan algebra, and obtained a general theory of 
non-associative algebras, 


(3) Rings of operators. 


The attempt to elucidate some aspects of quantum mechanics 
leads to the point of view that operators in an abstract Hilbert space 
might be considered as constituting a ring. This gives an approach 
to a class of problems dealing with abstract algebras without a finite 
basis, different from all types hitherto considered. 


(4) Logic of quantum mechanics. 


New methods of abstract lattice theory result from the discussion 
of the logical structure of quantum and classical mechanics. It has 
been shown that the propositional calculus of the former has the 
same structure as that of an abstract projective geometry, while the 
physically significant statements concerning a given dynamical sys- 
tem in classical mechanics constitute a Boolean algebra. In classical 
mechanics any propositional calculus involving more than two 
propositions can be decomposed in the sense of modern algebra, 
while quantum theory involves irreducible propositional calculi of 
unbounded complexity. Thus quantum mechanics has a_ greater 
logical coherence. 


(5) Unitary representation of the inhomogeneous Lorentz group. 


Operators denoting displacements and rotations in spacetime are 
linear because the equations are linear. These operators form a 
representation of the group of possible co-ordinate transformations 
which is the inhomogeneous Lorentz group. There is a unique cor- 
respondence between the possible Lorentz-invariant equations of 
quantum mechanics, and the representations of this group of 


operators. This extension of the Lorentz group to the inhomogeneous 
2 
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case is suggested by the work of Majorana on the possibility of 
setting up a theory for an elementary particle of spin 14, and of 
Dirac on photons. 


(6) Ray representations in quantum mechanics. 


Since the wave functions YJ are known and have a _ physical 
meaning only to within a constant factor of absolute value 1, the 
discussion of group representations should be based on those to 
within a factor unity. These are called ray-representations. If the 
group of symmetry operations is a continuous (Lie) group, the 
representations may be discussed by considering the infinitesimal 
representations of the group. The commutation properties characte- 
rising these will then be valid to within an additive constant 
multiple of unity. There exist some groups for which these extra 
terms are not trivial and seem to play an essential role. 


It appears that these ray-representations are closely related to 


the notion of the gauge-group so important in the theory of elemen- 
tary particles of zero rest mass. 


(7) Simply reducible groups and their representations, 


The symmetric permutation groups of the third and fourth 
degrees, the quaternion group, the three dimensional rotation group, 
and the two dimensional unimodular unitary group are among the 
groups which are of importance for quantum mechanics. The study 
of the properties common to the representations of these groups gives 


rise to a more inclusive group called the simply reducible group 
defined such that, 


(a) every element is equivalent to its reciprocal, 


(b) the Kronecker product of any two irreducible represen- 
tations of the group contains no representation more than once. 


Also the groups of most eigen value problems occurring in 
quantum theory can be shown to be simply reducible. 

These examples serve to show over what 
of contact between modern algebra and 
distributed. Some other domains not 
physics, crystal physics, and chemical physics where also group 
theory plays important parts. It was originally intended to take 
“ modern algebra and quantum mechanics’ as the subject for this 
symposium, but it was felt that it would be more useful if only a 


a wide range the points 
quantum mechanics are 
mentioned above are molecular 
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limited domain were chosen. I have therefore chosen the subject of 
elementary particles of nature not only because it holds the centre 
of interest in modern physics, but it is also the one where modern 
algebra seems likely to play an important role. 


§ 3. Concept of elementary particles. 


The oldest known elementary particles are the electron and the 
proton. The facts about these established by experiment are: the 
electron is associated with the minimum unit of negative electricity —e, 
always associated with the same mass m, and has a spin and asso- 
ciated with it the same constant angular momentum h/2. The 
proton has a positive charge e, is the smallest known unit of positive 
electricity, is always associated with the same mass M2000 m, and 
has a spin angular momentum h/2. 


The simple picture of electrons and protons being constituents of 
all material structures including nucleii was rendered untenable as a 
result of further progress in experiment and theory. The presence 
of an electron in the nucleus is inconsistent with Dirac’s relativistic 
theory of the electron. Experimental methods which had been de- 
vised to determine not only the spin but also the kind of statistics 
the nucleii satisfy led to the two rules: 


(1) nucleii of even atomic weight have integral spin, and nucleii 
of odd atomic weight have half-integral spin. 


(2) the former nucleii satisfy the Einstein-Bose statistics, and 
the latter the Fermi-Dirac statistics. 


These results appeared inexplicable on the basis of a _proton- 
electron constitution of nucleii according to which the spin and 
statistics appeared to depend only on the number of protons in the 
nucleus, the electrons contributing nothing to either. 


The discovery of the neutron having nearly the same mass as 
the proton, no charge, a spin h/2, and satisfying the Fermi-Dirac 
statistics provided a solution of these difficulties. The assumption 
that nucleii are built up of proton and neutrons is consistent with 
the spin, statistics, mass and charge of nucleii. The phenomenon of 
B-decay which appeared quite natural on the old picture of 
proton-electron constitution of nucleii had however to be fitted into 
the new scheme. This could only be done by postulating that when- 
ever the phenomenon takes place, a neutron turns into a proton 
giving birth to an electron much as a quantum of light is emitted 
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by an atom. Conservation of angular momentum or spin es tae 
that in the process there should also be emitted another particle of 
spin h/2 and no charge. This particle whose mass can be shown to 
be small compared with that of the electron, if not exactly iets 
was first postulated by Pauli and is called a neutrino. Its experi- 
mental determination has not yet been conclusively achieved. The 
process of B-decay is then described by 


neutron— proton + electron + neutrino. 


Thus while the neutron cannot be thought of as a composite particle 
made up of a proton and electron since it would then have an 
integral spin, and satisfy the Hinstein-Bose statistics, the above 
process requires a radical revision of the concept of elementary 
particles in that it makes it impossible to think of the neutron as 
permanent and immutable. 


The next elementary particle to be discovered, the positron with 
the same mass, spin, statistics as the electron but a charge +e also 
supported this revised concept. On the theoretical side, the positron 
had been postulated by Dirac on the basis of his relativistic wave 
equation of the electron. The solution of the difficulty of negative 
energy states which appear in relativistic mechanics was provided 
by the well-known hole theory. This theory which is successful 
because the electrons satisfy the Fermi-Dirac and not the TEinstein- 
Bose statistics, also provided natural and simple explanations of the 
phenomena of pair creation and annihilation. The discovery of the 
positron by Anderson, and the demonstration of the pair creation 
process in cosmic ray showers by Blackett have provided the most 
remarkable confirmation of these two predictions of the Dirac 
theory, and supported the idea that the elementary particles cannot 
be considered as permanent and immutable. 


Further experimental facts on nuclear forces, e.g., forces acting 
between a proton and a neutron showed that these forces must 
be of short range «ie. they must diminish with distance far 
more rapidly than the electrostatic force between two charged 
particles and in addition be about a hundred times stronger. Using 
the general principles of relativity and quantum mechanics it can be 
shown that the intermediate field through which such forces act are 
connected with particles whose rest mass is about 170 times the 
electron mass. The postulation of such a particle of charge + e 
originally occurred in a theory put forward by Yukawa. To explain 
the exchange nature of nuclear forces ie a force which changes a 
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proton into a neutron, and a neutron into a proton every time the 
two particles interact, Yukawa postulated that the interaction takes 
place through the intermediary of these particles of charge + e and 
mass yu called mesons; thus 


2 fe 

proton pas neutron + positive meson 
> A 

neutron ia proton + negative meson. 


The discovery of particles in cosmic radiation with a mass of this 
order and both signs of charge must be regarded as a confirmation of 
the general idea of the Yukawa theory. The B-decay is fitted into 
this theory by assuming that the original processes take place really 
in two steps. The first step is the one above, the mesons being 
constantly emitted and reabsorbed by the heavy particles for periods 
so short that they could never be observed, and the second step is 


positive meson — positron + neutrino 


negative meson — electron + neutrino, 


and corresponds to a spontaneous decay of the meson. This instabi- 
lity of the meson introduces a new feature into the concept of an 
elementary particle. The spontaneous decay of the meson to an 
electron and a neutrino in a period of 10-8 sec. can be proved from 
an analysis of experiments on cosmic radiation. It might also be 
mentioned that there is some evidence, though not conclusive, of the 
existence of a neutral meson in cosmic radiation. 


Relativistic quantum mechanics predicts that an anti-proton (i.e. 
mass M but charge-e) should exist in nature, and be capable of 
being created in pairs with a proton. It can however be shown that 
the probability of the creation of such pairs by the materialisation of 
a quantum of radiation is at least a million times smaller than the 
corresponding process for an electron. A negative proton has not 
yet been detected. Another type of elementary particle postulated 
by Bhabha viz. a heavy particle of charge 2e or ~e but mass higher 
than that of the proton has also not yet been detected. 


To sum up, we might say that all these particles are elementary 
in the sense that all structures in nature are built out of them while 
they themselves cannot be considered as built up of more fundamen- 
tal units. However they are not immutable for all time, but take 
part in a considerable number of transformations among themselves 
in which the number of particles of any given type may change. 
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The only quantities conserved in all these reactions are energy, 
momentum, angular momentum, and charge. 


It is also necessary to mention that the ordinary electro- 
magnetic, and the gravitational field (in the case of weak fields) can 
be dealt with on the basis of the principles of quantum mechanics, 
and can be connected with particles viz. the photon, and the * graviton ’ 
with their rest masses zero, and integral spins. 


We can characterise elementary particles by three important 
parameters viz. rest mass, charge, and spin (leaving aside the mag- 
netic moment), including the singular cases where these might have 
zero values. 


§ 4. Representations of the Lorentz group, and general theory. 


In recent years it has been found possible to set up a general 
theory which can be used consistently so as to include all the types 
of elementary particles mentioned above. This theory which satisfies 
the demands of both relativistic invariance, and the quantum hypo- 
thesis is called the field theory of relativistic quantum mechanics. 
It consists essentially of two stages in its application. The first 
part where a wave field is set up to represent the particles, the 
wave functions and the field equations satisfying the postulates of 
relativity, is called the c-number theory. To obtain the particle 
picture, and to make a transition to the many particle problem which 
is necessary because of the fact that the elementary particles are 
not permanent and immutable, the next part is the quantum-mecha- 
nical one where the field functions at different points are not treated 
as commuting with each other unconditionally. The expression of 
non-commutation gives rise to the quantum conditions, and this 
method of quantisation which explains the particle characteristics is 
called the q-number theory. Such a passage from the c-number to 
the q-number theory, a transition from a one particle to a many 
particle picture, is called double quantisation. 


The essential steps in the c-number theory are 


(1) the setting up of a Lagrangian function T, which is to be 
invariant for the transformations of the (proper) Lorentz group, 
(2) the derivation of the field equations 
; = (3,7) fs ma = OF GP da? Ra, q? = g(a), 
from the variation principle 
ojL(q,”, q* ) d‘x=0, 
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: seh the setting up of the energy-momentum tensor formed from 
y 





A oL 
Tik= > - -) q;‘? — Lois, 
i 


just as the Hamilton function is formed from the Lagrangian in 
classical mechanics. Tix satisfies the continuity equation and the 
components -Ty and -7Tx, (k=1, 2, 3) give the energy density, and 


momentum density respectively. Ty, need not in general be positive 
definite. 


(4) the setting up of the angular momentum tensor satisfying 
the continuity equation. 


(5) when the field quantities are divided into the complex quanti- 
ties U(x), their conjugates U*(x), and the real quantities V(x) one 
has to postulate the invariance of L against gauge transformations, 


and this leads on to the possibility of setting up of the current 
vector. 


oL A ss elas} 
Se=6i su UP - Urn sUe@ f° (e=a constant) 
which also satisfies the continuity equation. si (¢=1, 2,3) gives the 
current and is, the charge density. 


Suitable modifications can be consistently made to take account 
of the presence of external electromagnetic fields which, along with 
the gravitational field, occupy special positions in that both are 
classical fields, and the rest mass associated with each of them is zero. 


Of the three fundamental properties the mass, charge, and spin 
of elementary particles, it is remarkable that the spin, which is 
perhaps not the simplest one from the experimental point of view, 
comes up first in the mathematical formalism. In the frame work 
of the c-number theory sketched above we have made no mention of 
the field quantities themselves, but the knowledge of the nature of 
these quantities is necessary to derive further conclusions about 
energy density and charge density. Since the field equations are 
derived from a Lagrangian, invariant under transformations of the 
proper Lorentz group, it follows easily that the field quantities 
should transform according to irreducible representations of this 
group defined as the group of transformations keeping the form 
Sr, = a - x, invariant, having the determinant +1, and not 


reversing the direction of time. Such quantities are, as is well 
known, the spinors, and the field quantity can be written as U (j,) 
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characterised by two indices j and k corresponding in spinor notation 
to spinors with 2j undotted, and 2k dotted indices, and symmetric in 
them. The most important operation relating to these quantities is 
the reduction of the product Uj (jj,4;).U(jokg) which according to the 
well-known Clebsch-Gordan rule decomposes into several U (j,k) 
where independently of each other j and & run through the values 


J= tin dita le 2 ee at 
k=ky+ko, kitky-1,° ++ [ky —ke.| 


For the sub-group of space rotations the distinction between dotted 
and undotted indices disappears, and U (j,k) behave like the product 
U (j). U(k). This product decomposes into several U (/) each having 
(21+1) components with ; 


l=jtk, j+k-1,+---+ |j-k|. 


Under space rotations U (/) with / integral gives one-valued represen- 
tations, and for / half-integral double-valued representations. This 
along with the fact that for a particle of spin f there are (2f+1) 
independent states (for a given energy, and momentum), which 
transform among themselves under space rotations, suggests that 
we should call (j+) the spin of the particle. This would however 
involve not one spin value but a number of others. To get a 
satisfactory theory one should set up a relation between spin value 
and the number of independent plane waves possible for a given wave 
vector. This can be done by setting up suitable additional conditions 
to be satisfied by the quantities, so chosen that in the rest system 
there exists only one irreducible group of (2/+1) components going 
into each other under space rotations. It then follows from Lorentz 
invariance that for any arbitrary system of reference (2f+1) eigen 
functions always belong to a given ki (wave vector), 


Thus for particles of integral spin (27+2k=even number) we can 
set up such a theory using the ordinary world tensors, and for half- 
integral spin (27+2k=odd number) spinors which cannot be reduced 
to such. Working with these general field quantities, and settine u 
the energy-momentum tensor and the current vector we find aS : 
very general resulis: ~~ 


(1) For particles of half-integral spin, the total 


. a? energy i 
necessarily positive. SY is not 


(2) For particles of integral spi 
pin the charge densi ; 
necessarily positive. S ensity is not 
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The results are of a purely negative character, but a deeper 
analysis yields the following positive results: 


(1) In the case of integral spin the total energy can be made 
positive using suitable subsidiary conditions. As for the energy 
density, it is unique and positive definite only for the cases f=0 and 
f=1. For f>1 it is neither uniquely determined nor positive definite. 


(2) In the case of half-integral spin the total charge is unique 
and positive. As regards charge density, it is unique only for the 
case of spin f=14, for which again it is the total charge that is 
positive definite, the result of charge density being positive definite 
being true only in the rest system, but not extensible to any system 
since it is only the charge and not the charge density that is 
relativistic invariant. 


It therefore appears that the uniqueness and positive definite 
character of charge and energy density is characteristic for the lower 
spins 0,14, and 1. But this does not necessarily exclude the higher 
spins since a consistent theory might be possible for them taking 
interaction with external fields into consideration. 


This is as far as one can go with the c-number theory only. 
The fact that the total energy of the field can be negative for 
particles of half-integral spin has consequences which would bring 
the theory in conflict with nature. Again the possibility of charge 
density being negative for particles of integral spin makes the idea 
of particle or probability density untenable, and a transition to a 
many particle picture becomes necessary. Also such a transition 
should explain the fact that while total charge in a given volume is 
measurable, it cannot take on any value positive or negative but 
only values + ne. Not only the charge but also the energy has to 
be quantised i.e. its eigen values are to be integral multiples of hys. 
All these suggest the need for the quantisation of the field. From 
general considerations also, one can see the need for this. In fact 
there is no special reason why the field quantities should commute 


with each other, there being even in the c-number theory examples 
ommute (e.g. Dirac matrices, in- 


of some quantities which do not c sy 
Also there must be some conditions 


finitesimal rotation operators etc.) 
which the statements about non-commutation should satisfy. These 
nsistent with the field equations since 


rules should for example be co son 
ly statements restricting the 


they (the commutation rules) are on 
field quantities in that they do not allow the consideration of all 


arbitrary field functions satisfying the field ety ee Hence the 
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expressions of the rules must be invariants of the motion, and from 
the nature of the restrictions imposed they should be relations between 
canonical coordinates and momenta. Being invariants of the motion 
they are expressible in terms of the bracket expressions 


[«o]* 


where, as is well known, the + is to be taken according as the 
particles satisfy the Fermi-Dirac or Einstein-Bose statistics, and are 
of the form 


[u (x), U* (2’)| == D(z,2'), 


the transformation properties of the U's under Lorentz transforma- 
tions also requiring that the D’s should transform in a certain way. 
We further require of the function D that (i) it should be a function 
only of the invariant distance between the points, (ii) that D=0 if 
the points are separated by a space-like distance i.e. if each lies 
outside the light cone of the other, since signals cannot be propa- 
gated with a velocity greater than that of light. These above 
conditions are together stringent enough to determine the form of 
the function D almost uniquely. 


By merely considering the algebraic nature of the transformation 
of the D’s under Lorentz transformations in the cases of integral 
and half-integral spin one is led to the following general results :-— 


(1) For integral spin quantisation according the Fermi-Dirac 
statistics is impossible. 


(2) For half-integral spin there is no algebraic contradiction in 
either statistics being satisfied, but the removal of the negative 


energy difficulty is not possible if one uses the Kinstein-Bose statis- 
tics. 


This well-known connection between spin and Statistics not 
properly explained till now is thus seen to be one of the most 
important applications of the theory of representations of the Lorentz 
group. 


The above results are again of a negative character but the 
actual carrying through of the quantisation shows that: 


(1) for half-integral spin a satisfactory theory 
by quantisation with the Fermi-Dirac Statistics, 


consequence that the total charge for a state Fe ( 


can be obtained 
and leads to the 


wave vector) is 0 or e. 
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In the former case the momentum and energy of the state are zero, 
and for the latter case the total momentum is ye and the energy 


is + hko for the positive and negative states. Also AX (the wave 


equation being Ou=Xu) can be interpreted as the rest mass of the 
particle. 


(2) for integral spin a satisfactory théory can be obtained by 
quantisation with the Einstein-Bose statistics, and leads to the result 
that the total charge may be + ne (n being a positive or negative 
integer or zero) while for both cases the corresponding total energy 
is hko. Also the rest mass can be shown to be AX. 


§5. Hypercomplex numbers and the particle aspect. 


The general theory of particles of integral and_half-integral 
spin sketched above is based on field quantities which are spinors 


? > Ashe oe 5 ee iiacis: 5 P 
satisfying a wave equation (] a, =X? a, , and in order that the 


theory may represent particles of a single spin it is essential that 
further symmetry restrictions be imposed on the spinors. This is 
achieved by assuming the spinor to be symmetric in all the undotted 
and dotted indices, and further that it satisfies a divergence condition 
Vere kie a Vib eee 
equivalent to assuming that the spinors p Ai sterlt and Ps 45, are 


also symmetrical. This makes it possible to pass from the second order 
wave equation to a system of first order wave equations of the type 


vp he see pry ie e.8 " 
p ae ; =X b, i 
Peete 7 (p | =gradient spinor). 
VAR . AM 
b =Xa 
Pro Ore aX pod 


where the spinor b satisfies the same conditions as the spinor 4a. 
The cases where a has 2k undotted and (2k -1) dotted indices or 2h, 
dotted and 2k undotted indices according as the spin is half-integral 
or integral respectively are specially simple, and denoting the spinors 
in this case by a and b,°” they have the property of going over into 
each other by reflections. In the integral case a®=b and in the 
half-integral case a‘ itd b under reflections so that together they 


form a system invariant for the full Lorentz group, and the first 
order wave equations in them may be said to be in a form leading 
to the well known Dirac type of wave equation. The wave functions 
(viz. the spinors) involve a number of dotted and undotted indices, 
but it is easy to show in general that they can be reduced to a type 
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in which only one spinor index is involved. The spinors so far 
considered are all symmetric and hence are given when one knows 
the number of undotted and dotted indices which are equal to 1, and 


: A . 
we can set up a correspondence between a spinor a with 2k undot- 


ted, and 2/7 dotted indices, and a magnitude A’ whose indices r, s 


indicate how many of the dotted and undotted indices are equal to 
iby respectively. To obtain this correspondence one has to find out 
a matrix which transforms the spinor indices to the indices r, eT 
the spinor be symmetric the correspondence is (1, 1) but not so for a 
non-symmetric spinor. Since a spinor without symmetry properties 
transforms according to a product representation of the Lorentz group 
which contains the factor Ji 9 2k times, and the factor Sp, , 2/ times 


while An is irreducible, it follows that the correspondence of such a 


quantity with a non-symmetric spinor means the picking out of an 
irreducible sub-space and one with the maximum dimension, number 
from the representation corresponding to the spinor. This reduction 
can be shown to depend essentially on the reduction of the product 
representation 31% 5, of the rotation group. 31 and S, are characte- 


rised by their infinitesimal transformations o! and 3! (x), and the 
product representation can be characterised by the matrix 


A (k)=So'xa! (hk), 
1 


This matrix commutes with all the matrices of the product repre- 
sentation as can be shown easily by writing out the Pauli matrices 
o’ and the matrices 2! (k). It is a well-known result of the general 
semi-simple Lie groups that if such a matrix commuting with all the 
matrices of the infinitesimal product representation is brought to the 
diagonal form, the product representation is simultaneously split up 


into its irreducible components. The reduction of 3,3 is therefore 
zr k 


related to the principal axis transformation of A (i), Let U be the 
matrix such that UAU™! is the diagonal matrix and be written in 
the form 


“afm (K+3) ug (+2 
U=(2k +1) i(¢ (i:) a Bs ?)) 


rl wile) Uf Jta1 
= (I 3(v (k+4) wl (k 
U (24 +1) (" (e+ 4) “a hy 
where wm (k), wo (k) are rectangular matrices with (2k 


. +1) row 
(2k) columns; and 2 (k) v (k) are similar ones with 27: — 


Tows and (2h +1) 
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columns. Using the fact that the matrix U brings A (k) to the dia- 


gonal form, we get among other relations the important property of 
the w, v matrices viz. 


ay i Loy pee ey oe 
u ()u (re sy=n (k Jv, (k)=0. 


This shows that the rectangular matrices: uw (k) a“ (k-4) and 
KM » : oon : 
v (k-+) v (k) are spinors symmetric in u andy. Forming the operators 


Ree kao (3) 0 (1).n0” (ke) 


Vi, V2. 


pr MenP* ya” (kh) w™ (k= Yel (3), 


we conclude from the above property that these operators are sym- 
metric in all the indices p, fa,...42x. With the help of the operator 


Yen rea : 
Ps (k) where s is the index specifying the number of spinor 
indices equal to one, we can make correspond to each symmetric spinor 
oe : of rank 2k a magnitude A (s running through 2k+1 values) 


and conversely with the aid of R. (k), P 


we can make correspond a 


symmetric spinor to every A. according to 


ee Be ra 
Lig (k) (ae V(2k)1 A, 


R, Tinh (7) A,=(2k)! Ayu... 


If the operator Eaind be applied to a non-symmetric spinor the 

operation is not uniquely reversible; we obtain further a symmetrised 

spinor. Thus p’"” is to be employed as a symmetrising operator, 
§ 


and can be generalised so as to symmetrise only a part of the 
indices of the spinor. Thus 

Thess 
P, wins ae 


Sy V¥ Maes A. Bi. =k (2k -1)- °° Dy ABM 


= Vk (Qk-1)-°* A. 5...A 


Similar results hold when the index s is replaced by an index r and 
k by l. Having replaced a part of the indices by an index s we can 


; r : 
replace the rest by ry and obtain a magnitude A. . In particular we 


can form magnitudes containing only one spinor index. In this 
manner starting with the original spinor equations we come to the 
equations specified by Dirac 
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arene 


p: iB =xyA| 
‘i , yest 
where A and B indicate that w involves magnitudes like A. : Es ’ 


and the equations are to be treated as matrix equations. 


Finally the two equations can be combined into one single 

equation of the Dirac form 
Ok Be W+XW=0, (d8=0/dz8) 
where Bs are matrices whose form is determined by writing the 
above two equations in a combined form. This is the famous form 
which Dirac originally derived for the wave equation of the electron; 
and which was really the basis of relativistic quantum mechanics; 
and the wave equation in this form is said to represent the particle 
aspect of the theory of elementary particles. The : are the well 
known Dirac matrices satisfying the commutation relations 
+ (Be G1 + Bi Be) = 8x1 

and in virtue of these leads to the system of hypercomplex numbers 
1, Be, Be Bi, Bi Bi Bm and 8; By B, By The theorems relating to re- 
presentations of finite groups can be extended, as is well-known, to 
group rings and hence also to hypercomplex numbers satisfying 


certain conditions. We recall some theorems relating to represen- 
tations of hypercomplex systems. o 


(1) All representations of a completely reducible hypercomplex 
system with a unit element (or without a radical) are themselves 


completely reducible, and conversely if all representations be reducible 
so is the system itself. 


(2) All irreducible representations of a hypercomplex system 
are contained in the regular representation (i.e. where the system 
itself is taken for the representation modulus), 


(3) An absolutely irreducible System of matrices of the nth 
order (a system which remains irreducible by the algebraic extension 
of the field) which contains along with two matrices also their 


Product, contains exactly n? linearly independent matrices, (Burn- 
side’s theorem). 


(4) This theorem can be extended to completely reducible 
systems and states that the number of linearly independent matrices 


. 9 s 
is equal to m*+n?+ - + +n? where the irreducible parts counted 
only once have orders m, no + + ne. 
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(5) In the reduction of the regular representation, the represen- 


° . > . s5 
tation D) is contained n, times so that h= Duh h being the rank of 
I 


the algebra. 


(6) Tbe number of inequivalent irreducible representations is equal 
to the rank of the centrum. 


The above theorems apply to a completely reducible hypercomplex 
system i.e. one which is a sum of irreducible left ideals and 
possesses a unit element. Such an algebra is also called semi-simple 
(an algebra is semi-simple if its radical is the zero ideal, and simple 
if the only proper ideal is the zero ideal). 


In the case of the Dirac algebra it is extremely simple to 
deduce that there is only one irreducible representation (of order 4) 
and that every reducible representation completely splits up into 
irreducible representations equivalent to the one originally given by 
Dirac which is thus the unique one but for equivalence. 


The situation however is not so simple in the case of the wave 
equation of the Dirac type for particles of spins 0 and 1. In the 
former case the wave equation is TD U-X? U=0, where U is a scalar 
and can be put in the form of two first order equations by writing 

ore oo” oUx =I 
Oth’ OLR 
or further in the Dirac *form Bs du/oxs+Xu=0 where the Bsr are 
5-rowed matrices, four rows operating. on the vector Us, the fifth on 
the scalar U. In the latter case which presumably corresponds to 
the meson, the equation TUs=X? Ux (Us a vector) is to be supple- 
mented by the divergence condition OU:z/d2e=0 so as to make the 


energy density everywhere positive definite. Alternatively, introdu- 
: : CD etOU Rage) Ue 
cing a skew-symmetric tensor Uin= -Uni with Un= ona the 


above equations yield oe +X? Ui=0, and these last two might them- 
Xk 

selves be considered as the fundamental equations the first two being 
derived from them. The advantage is that we can put the wave 
equation in the Dirac form, this time however, the x's being 
10-rowed matrices four rows of which operate on the vector Ux and 
six on the skew-symmetric tensor Uv. 

The interesting fact has been noticed that both the 5-rowed and 
10-rowed matrices fulfil the commutation relationships 


Br Bi Bm i: Bm Bi Br = Onl Bm + Obn Bi. 
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The four matrices x, the unit matrix 1, and all powers and products 
of the Bs generate 126 linearly independent elements, the number 
being limited by the above commutation rules. Writing n, = 28x -1, 
it can be shown that the elements 1, M= 2m 2, Nk Nl, 


N=m 2 3 n4(1- > n,) commute with all the 126 elements, and that any 
k 


further elements commuting with all these are linear combinations of 1, 
M,N. Thus the number of elements in the centrum being three, there 
are exactly three inequivalent representations of degrees 7, 2, 3 such 
that ,?+n,?+n3?=126. The trivia! one-rowed representation is 
obviously contained in this so that putting 2;=1 we have at once 
m=10, ny=5 giving the above two representations, there being no 
other irreducible ones. 


The proof that this algebra is semi-simple leads to some 
interesting considerations. Pauli has shown that this amounts to 
the following :— 


Let e be the matrices representing the independent elements of 
the algebra in the regular representation and let gik = spur (ei ex); 
the algebra is semi-simple if Det || gix|| + 0. 


This determinant which has 126? elements can be shown not to 
vanish. It would be interesting to find if there be an alternative 
method of proving this algebra to be semi-simple. 


This meson algebra can be further studied on the assumption 
that instead of the four elements Bs there exist an arbitrary number 
of these elements. The representations of this generalised algebra 
have simple and interesting relationships with those of the original 
algebra, and appear to throw light on the nature of the connection 
between the tensor equations and the linearised wave equation of. the 
Dirac type which reformulates them. 


The question now arises as to whether a particle aspect of the 
theory can be set up for particles of higher spin also i.e. of writing 
the equations in the form 


On Be W+XL=0, 


with Bs as matrices having a suitable number of rows. As a preli- 
minary to this it is necessary to derive commutation relations 
satisfied by the B's. I have recently shown that we can derive 
such relations by making some general assumptions: 


SYMPOSIUM ON MODERN ALGEBRA 49 


Let the infinitesimal orthogonal transformation 
rk = art Dies, z, (6 fe -€,, numerical coefficient) 
correspond to the transformation J’=Aw of the wave function with 


= Sry — 
A=1+, x 28, 8 e Si 


where the s,, are the spin matrices. The general assumptions are 


ey matrices) 


(i) the wave equation is Lorentz invariant. This leads to 
Bk sim— Sim Br=Skm Bi- dat Bm. 
(ii) si=k (Bx Br- Bi Be), (k a constant) 
(iii) each component sz satisfies the algebraic equation whose 
roots are the (2/+1) eigenvalues of the spin operator. 


It can be shown that these general assumptions determine the 
commutation rules, and the actual rules for the cases f=3/2, and 
f=2 have been obtained, which are however very complicated. Also 
«the constant k appearing in the assumption (ii) remains undetermined, 
and although one might guess from the analogy of the electron and 
meson cases that k=/? (f=spin), the proof of this seems to depend 
on some deep seated property of the representations of the Lorentz 
group, and has not yet been given. The hypercomplex algebra 
corresponding to these cases of higher spins does not depend 
essentially on the value of k, but the further development of these 
algebras also appears extremely complicated. 


Coming back to the case of spin one, the reduction of the 
representation to the three irreducible parts finds a counterpart in 
the reduction of the 16-component quantities wpp’ where p and p’ are 
indices denoting a Dirac spinor. A Dirac spinor is characterised by 
its being a pair of spinors transforming one into the other by a 
reflection through the origin, so that it is most naturally fitted when 
we consider the full Lorentz group. The quantities upp mentioned 
above are those transforming like products of such Dirac spinors, 
and are called Undors. They form a generalisation of the Dirac 
wave functions just as tensors form a generalisation of vectors. One 
could thus define a metrical undor, a gradient undor and build up a 
theory analogous to tensors. Just as in the case of tensors, the 
representations by most undors are reducible, and we can derive 
relations between undors of the second rank (upp) and tensors. The 
symmetric part of Upp’ (for which Upp’ =Up'p) consists of a skew- 
symmetric tensor and an ordinary vector belonging to the 10-rowed 
representation; the anti-symmetric part splits up into a scalar with 
which is associated the 1-rowed representation, and a pseudo-vector 
and pseudoscalar for the 5-rowed representation. The question of 

Vil 
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generalisation to undors of higher rank wp, p2 ps, Upi p2 ps px etc. Which 
can be obviously used for particles of spins 3/2, 2, etc. and with 4°, 4* 
components etc., and the decomposition of these undors may throw 
light on the. reducibility of the representation of the algebra associated 


with these higher spins. 


§6. The gauge group, and particles of rest mass zero. 


The field quantities appearing in the wave equations can be 
divided into the U(z), their complex conjugates U*(a) considered 
independent of U(a), and the real quantities V(az). The statistical 
interpretation of wave functions requires that the Lagrangian L be 
invariant under the phase transformation 


uu (r) ia : U* OMS rE ie Perdacd 
and in the case where there are no external fields, it is enough if « 
be assumed an arbitrary constant. In the case of an external field 


(electromagnetic) specified by the real potentials dz, it can be shown 
that a consistent theory can be obtained when there are no supple- 


mentary conditions, by replacing <. by Dr= x —tshr, De® = 
ore, 
Sa, teem and Ds=0/dxx according as the operator is applied to 


u” or ue) or V respectively. The theory obtained in this manner 
is invariant with respect to the transformation 


UM_sy a UM _ysy#) ,-# (1) 
db tk. fu 
Pho eh & Oxk (2) 


where 2 may now be an arbitrary function of position. The 
invariance in the force free case under constant « is sufficient to 
ensure that this is always correct. The prescription of invariance 
under gauge transformations ensures the setting up of a current 
vector in the case where no external fields are present or where 


they are present. (1) are called gauge transformations of the first 
kind, and (2) of the second kind. 


These gauge transformations appear to play an important part 
when one considers the Singular c 


Taking spin one Particles as the fi 
the equations are 


ase of particles of rest mass Zero, 
Tst case, since X=0 gives photons, 
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These together with Ux remain invariant for a gauge transformation 
of the second kind Ur Us+d/f/dxx. This transformation seems to 
establish a fundamental difference between the cases X=0 and X40. 
On this basis an assumption that the photons have a very small but 
finite rest mass seems to be physically unsatisfactory. For, if the 
photon field be the external field acting, say on an electron and if 
X#0 for the photon then a transformation of the kind (2) would not 
exist and consequently a transformation of the first kind (1) with 
arbitrary « would not exist for the electron which is physically 
meaningless. This is because (1) and (2) hold simultaneously. 


We next consider the case of a particle of spin 2 with the rest 
mass zero described by a real field just as in the case of the electro- 
magnetic field. The assumption of a real field means the vanishing 
of the current vector and charge so that the field has neither 
electrostatic nor electromagnetic properties. In the general theory 
of a particle of the single spin 2 i.e. the theory which eliminates 
particles of lower spins and makes the total energy positive definite, 
we take the field quantity to be a symmetric tensor Us satisfying 
the wave equation OUn—-X?U=0, the spur condition U= >Un=0, 
and the divergence condition ‘ee =(. These ensure that in the rest 
system there are 5 independent eigen-solutions which go into each 
other under space rotations so that one is actually dealing with a 
particle of single spin value 2. The theory can be formulated 
alternatively with a suitable Lagrangian L, deriving the wave 
equation from it by the variation principle, and building the spur 
and divergence of the wave equation, which method leads to the 
same equations as above. In the special case of X=0, and real 
fields, this Lagrangian reduces to 


1 dyn Ova. Orr OY . OY OY — 1 OY. oY Feemttal (1) 


U5 52; dai” Das Day | Dar dan 2 dui Ox!’ LY=D¥n 





which is remarkably enough the Lagrangian function of the general 
theory of relativity for weak gravitational fields i.e. where 
Gik = ik + Vik (2) 
and terms of higher order than the first in viz are neglected. The 
wave equation derived from the Lagrangian is 
2 Q., . Q 2 
Llyn os - oe. + —— + dik (or - Or) =0 (3) 


if the divergence be formed so 
f the seeond order 





This equation vanishes identically 
that we cannot derive from it the wave equation 0 
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as in the general case. On the other hand it allows the gauge trans- 
formation of the second kind 

r, Fa 

Pah bk (4) 


YnR=Yitt — paltd 
tk ik DXk oa: 


where £; is an arbitrary vector field. It can also be shown that the 
total energy and momentum are gauge-invariant quantities. It is 
noteworthy that (4) arises by the change of gi under infinitesimal 
co-ordinate transformations 

xi’ = ait bi (x) (5) 
where & are treated as small quantities of the first order. Whereas 
in Maxwell's theory the gauge-invariant field quantities are obtained 
by once differentiating the potentials, the simplest gauge invariant 
quantities in the present case are the components of the curvature 
tensor which, up to the required approximation, can be written 

R ea (2 7 O'vkm _ _O*Yim_— aI ) 
Lie] [om] 2 Ndr Orm =i Oat) OTR OXI «=O: DTM 

whose invariance follows immediately from (4). It is well known 
from general relativity theory that the general solution of (3) can be 
obtained as the sum of two parts one of which can be removed by a 
suitable gauge transformation (change of co-ordinate system) and 
another which satisfies the wave equation Oyvke=0. As shown by 
Einstein this wave equation has exactly two components (as in the 
Maxwell field) for a given wave vector ky, so that they transform 
into each other under gauge transformations. 








(6) 


The vis-field can be quantised just as in the case of the Maxwell 
field, and leads to gravitational quanta or “gravitons” of spin 2. 


The idea of gauge transformations of the second kind ean be 
generalised and permits the description of fields of arbitrary spin 
and rest mass zero. Thus in the case of arbitrary integral spin 
where the field quantity is a tensor Aik...1 the gauge transformation 
is defined by 

An... d= Ad. t Nae 
where 





Niz.. 1 a OCk... bn + OG Ss : Bek. OCix...2 


"Ori Ok Otm’ 
OCs.:.2=0, Crz...2=0, 2Cz...1/d2%=0, 
If Aw... has f indices there exist (2f+1) linearly independent 
waves to each wave number vector. The tensor Cix...; has (f-1) 
indices and there are accordingly (2f-1) linearly independant plane 
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waves Nix...1 to each wave number vector. If we consider states 
which go into each other under gauge transformations as equivalent 
there are therefore only two (Qf+1-2f-1 ) independent and really 
different plane waves for a specified wave number and frequency, for 
the case of zero rest mass. Gauge transformations can be set up 
with the aid of spinors in the case of half-integral spin also, and 
lead to the same result about two independent components. In the 
special case of spin 1/2 the gauge transformation is naturally absent 
since 2f-1=0 and 2f+1=2. 


A more detailed investigation of these general gauge groups and 
a theory of representations for them would yield useful results 
concerning the singular case of particles of zero rest mass. 


§7. Charge invariance and neutral particles. 


In th previous article we have treated the limiting case of zero 
mass. We might now consider the other limiting case of particles 
of zero charge i.e. neutral particles. This corresponds to the case of 
real fields ie. U=U* where the current vector vanishes identically 
and the associated particles cannot generate an electromagnetic field. 
The original form with a complex U is equivalent to two real fields 
V=V*, W=W* with 

U= 5 (V+iW); U*= 7g (V - iW), 
the numerical factor being introduced for the sake of convenience in 
quantisation. A theory for neutral particles can be obtained from 


such a theory by striking out W, thus having only a single real Ve 
This theory is called an “abbreviated theory”. 


The question arises whether such theories would be possible for 
all spins. Thus for spin 1 the transition to real fields is obtained 
by putting the field function Uz which is a vector, equal to 


— (VitiWs) and identifying Ux and U;z*. Such a theory would 
describe neutral mesons or neutrettos. 


In the case of a particle of spin 1/2 this method of splitting 
up into two real fields requires a modification in view of the field 
functions being spinors. Writing the Dirac equation in the form 


Yk (S*) +Xu=0, 


and introducing the usual 2, 8 matrices according to 
ar=iv, re for k=1, 2, 3; B=% 
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the equation can be written in the alternative form 


ou 
oH 2(>) VIX Bi wD, 
Vk or 


Introducing now a matrix C defined by 
B* = -CBC; «a*=CaC"! 


it can be shown that C exists, that C*C commutes with all the vz 
and is thus a constant. Also C can be shown to be symmetric and 
hence so chosen that C*C=1. This C-matrix of Pauli can be used 
to set up a Lorentz-invariant ordering between the solutions of 
Dirac’s equation with positive and negative frequency viz. 
u-* =Cu.3 u4=C y_* 

and solutions of this sort are called charge conjugate solutions. This 
terminology can be justified by a consideration of the effects of an 
electromagnetic field, and it can be shown that if uw, satisfies the 
wave equation with the charge+e, then w_ satisfies it with the 
charge — e. 


The decomposition of the spinor field u into the “real fields” 
v and w is to be done according to 


u= 3 (vt+iw); u*= 5 C (v-iw), 
where v and w fulfill the Lorentz-invariant reality conditions 
v*=Cv; w*=Cw. 

The whole of the g-number theory can be worked out with the pair 
v, w in place® of the original single function uw. The transition to 
the charge conjugate state is realised by vv, w3-w, and for this 
substitution the current vector changes its sign properly in the 
q-number theory quantised according to the exclusion principle. 


To make a transition to a neutral particle of spin 1/2 we now 
make an “abbreviation” of the theory (due to Majorana) by striking 
out w and its bracket relations or, which is the same thing, by 
identifying the charge conjugate states. Making this abbreviation 
in the q-number theory, it can be shown that the current vector 
vanishes identically as does also the magnetic moment. It is 
interesting to notice that the question is not yet settled as to 
whether the appropriate theory for the neutrino is the abbreviated 
theory or the unabbreviated one of a single real field. 


The notion of charge conjugate states introduced above appears 
to have an algebraic Significance in that it can be extended to 
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higher spins also. For such a generalisation the most appropriate 
field quantities to work with are the undors. For particles of spin 
1/2 the field functions are undors of the first rank i.e. a Dirac 
spinor wp, and the Majorana theory in which the abbreviation 
process is equivalent to identifying charge conjugate states deals 
therefore with self-charge-conjugated four spinors or what might be 
called neutrettors of the first rank. Similarly as has been shown by 
Belinfante a symmetric undor of the second rank Wp, k, (field func- 


tions in case of spin 1) can be associated with a charge-conjugated 
undor according to 


Vas hy us BT ES? (py. )* 


where £ is identical with the Pauli matrix C*, and v®* is called the 
charge-adjoint of %. A neulrettor of the second rank can now be 
defined as a self-charge-adjoint undor of the second rank, and it can 
be shown that the field functions used in Kemmer’s theory of 
neutral mesons are such neutrettors. 


In the general case of arbitrary spin, the field is described by a 
set of undors wg, z,...z, Which satisfy certain field equations in which 
some constants of the dimension of a charge may occur. By 
suitably defining a generalised matrix operator 

n ° 
De ls 


j=l 
which is a generalisation of the Pauli matrix C, we can operate by it 
on the conjugate complex w”,, £,...k,. and derive the trangformed undor 


y* = su 
3 a £ 
with the property that in the field equations satisfied by the ~ the 
constants of the dimension of a charge, for instance e, are changed 
into their opposite: 
me -¢* 


‘Further it can be shown that the transformation. 
ily. 
Sess together with ee (A) 


bake ‘ 
where 7 is given by 
I £ B) 
yo =v ( 

not only ensures the invariance of the field equations but also the 
invariance of all physically significant quantities (such as for example 
the total energy or the total charge) provided one works with a q- 
number theory i.e. only on account of the commutation rules holding 
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between the undor components. Thus, under the transformation speci- 
fied by (A) and (B) we pass from one description of the field of particles 
and quanta to another completely equivalent one which, in the termi- 
nology of Kramers, can be called the charge-conjugated description of 
the physical world. The invariance of physical quantities under the 
transformation can also be called charge invariance, 


Since this charge invariance exists on account of the commuta- 
tion relations between undor components, it follows conversely that 
the postulation of charge invariance under (A) and (B) would provide 
information on the nature of the commutation rules, in particular, to 
decide between commutativity or anti-commutativity of the field com- 
ponents ~ and ~*. In fact, it can be shown that this postulation 
enables one to establish the connection between spin and statistics 
which has been set up earlier (§ 4) on other general considerations. 
That the statistical behaviour of elementary particles can be derived 
as a consequence of the postulate of charge invariance under (A)-(B) 
shows indirectly the partly algebraic nature of this concept. 


A deeper analysis of the statistical behaviour of elementary parti- 
cles under the assumption of charge invariance, and under other general 
assumptions, and the relationships between these assumptions has been 
made by Pauli and Belinfante. For this purpose they have generalised 
the notion of charge invariance by dropping the particular specification 
(B) of the transformation, and retaining only (A), calling it the wn- 
specified charge invariance. The justification for this generalisation 
lies in the fact that (A) by itself, even without (B), would mean that 
there is a description of the physical world in which every “elemen- 
tary charge’ has the opposite sign, and the existence of such a 
generalised charge-conjugated description may perhaps be inferred 
from some speculations on a possible symmetry between positive and 
negative charges, which-though not existing on the earth-may still be 
a fundamental property of nature. The main point of the analysis 
is that, so far as the determination of commutativity or anti-commu- 
tativity of the field components is .concerned, “the postulate of 
unspecified charge invariance is of less restricted scope than the 
general assumptions used in § 4, viz. (1) there is no infinite number 
of negative energy states for the particles, (2) observables in points 
connected by a space-like vector ‘are commutative. Even in the 
most general case where there are several possibilities of building up 
a quantised field theory (for eg. using more than one undor) the 
latter are two postulates of positive energy, and commutativity of 
observables in points connected by a space-like vector are sufficient 


SYMPOSIUM ON MODERN ALGEBRA 57 


to decide between the + or - commutation bracket, while this is 
not true for the postulate of unspecified charge invariance. 


It would also appear that the recent suggestion of Dirac to 
assume that probability coefficients calculated in a hypothetical world 
almost saturated with positrons are the same as those of the actual 
world is a form of the assumption of unspecified charge invariance. 


§8. Subtraction formalism. 


The theory set up in the previous articles appears satisfactory to 
deal with the general case as well as the special cases of zero rest 
mass and real field for the several spins. The basic facts are that 


(i) in the case of half-integral spin the total charge can be made 
positive, and the hole theory removes the negative energy difficulty 
by quantisation according to Fermi-Dirac statistics, 


(ii) in the case of integral spin the theory can be so formulated 
as to have the total energy positive, and the difficulty of negative 
particle density is removed by double quantisation according to 
Einstein-Bose statistics. 


But there appear difficulties connected with infinities occurring 
in the mathematical formalism in both the cases. Thus in the first 
case the hole theory involves an infinite number of electrons and this 
necessitates the use of wave functions of great complexity, and. 
the mathematics is so complicated that one cannot solve even 
the simplest problems accurately. Again in the second case, 
when one tries to solve the wave equations set up one gets divergent 
integrals in the solution and it would appear that the method fails. 
Thus in both the cases the infinities have got to be removed before 
a satisfactory theory can be built. Referring to Cantor and his 
school of workers on transfinite cardinal numbers, and the paradoxes 
arising therein, Poincaré said “The Cantoriens have created infinity, 
and are now being swallowed up by the demon of their own 
creation”. The situation is analogous to what is found in modern 
quantum theory with this difference that the infinities are not the 
creation of quantum mechanics but are already there in classical 
theory itself. An attempt at the removal of infinities in classical 
mechanics has been made by Dirac using a method which, from the 
mathematical point of view, amounts to subtraction of an infinity 
from the infinity in the solution so as to get a finite result. This 
method, “the subtraction formalism” or “subtraction physics ” was 
originally given only in classical mechanics, and in a recent paper 
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Dirac has shown that it is possible to embody it successfully in the 
quantum theory also. But the employment of this technique makes 
it necessary to revise some of the theories mentioned in the previous 
pages. For particles of half-integral spin a modification of the hole 
theory, as indicated towards the end of the previous article, becomes 
necessary, while for particles of integral spin the technique of 
making the energy positive definite has to be given up. The 
alternative formalism for the latter case as indicated by Dirac 
contains the point of view, novel from the mathematical stand point, 
that operators corresponding to real dynamical variables in the 
classical theory need be no longer self-adjoint. Pauli has recently 
worked out this formalism by using an indefinite metric in Hilbert 
space, and shows that this leads to some essentially new results for e.g. 
that operators with only positive eigenvalues can have negative 
expectation values. While the physical meaning of this is not clear 
it can be shown that it enables us to overcome the convergence 
difficulties of quantum electro-dynamics. 


While algebra can be said to have successfully tackled the 
questions relating to spin, statistics, and perhaps charge, questions 
about mass, energy, and momentum require drastic improvements in 
the methods of mathematical analysis employed. 
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